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Integral representation of finite temperature
non-Markovian evolution of some RWA systems1
A.E. Teretenkov2
We introduce the Friedrichs model at finite temperature which is one- and zero-particle restriction of spin-boson
in the rotating wave approximation and obtain the population of the excited state for this model. We also consider
the oscillator interacting with bosonic thermal bath in the rotating wave approximation and obtain dynamics of
mean excitation number for this oscillator. Both solutions are expressed in terms of integrals of zero-temperature
solutions with correspondent correlation functions.
1 Introduction
In recent years there has been growth of interest in the problems of non-Markovian evolution of
open quantum systems. Both pure mathematical questions [1, 2, 3, 4, 5] and physical applications
[6, 7, 8, 9, 10, 11] has led to this growth. Many theoretical works use the spin-boson model in the
rotating wave approximation (RWA) at zero temperature as a paradigmatic exactly solvable model
to test different approaches or to formulate hypotheses which could be generalized to other models.
For example, the circle of convergence of time-convolutionless perturbation theory was obtained
for this model. Both BLP [3] and RHP [5] measures of non-Markovianity become non-zero at the
same coupling strength [12]. Simulation based on tensor networks was tested for this model [13].
A generalization of this model was used to analyze the applicability of the master equations in
the second order (Born) approximation [14]. For the special case of the spectral density, which is
a combination of the Lorentz peaks, the non-Markovian evolution for this model could be dilated
to Gorini–Kossakowski–Sudarshan–Lindblad evolution with a finite number of degrees of freedom
[15]. This dilation leads to the so-called pseudomode approach [16, 17, 18, 19, 20, 21, 22, 14, 15]
which has been generalized to models without RWA [23, 24] and non-zero temperature reservoirs
[25] only recently. Also the generalization to other spectral densities was discussed in [26].
For the zero temperature the solution of the RWA spin-boson is reduced to one-particle sub-
space evolution which by the Friedrichs model [27]. This is not the case for the finite-temperature
RWA spin-boson. Since our goal is to take somehow into account the effects of reservoir finite
temperature, but still have an exactly solvable model which is analogous to the zero-temperature
one, we have introduced a compromise model in Sec. 2 which we call the Friedrichs model at finite
temperature. Namely, we consider the initial condition which is a one- and zero- particle restric-
tion of the actual Gibbs thermal state. The main result for this model is presented in Th. 1, where
we obtain population of excited state. It is expressed in terms of integrals of zero-temperature
solution with the restricted thermal reservoir correlation function.
Similar to the zero-temperature case [15] the Friedrichs model at finite temperature is one-
and zero- particle restriction not only of the RWA spin-boson, but also of other RWA models such
as the RWA oscillator which also interacts with the boson reservoir. But the RWA oscillator also
has exact solution for thermal reservoir initial condition without restriction to the one- and zero-
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particle subspaces. We consider this model in Sec. 3. The main result for the RWA oscillator is
presented in Th. 2 and it is similar to the Friedrichs model. The only difference from Th. 1 consists
in change of the restricted thermal reservoir correlation function to the one without restriction
[28]. This could be used to hypothesize the general behavior of finite temperature RWA models.
We could consider arbitrary couplings and time scales for both models and, hence, describe
their non-Markovian behavior. But let us stress that we do not discuss the applicability of RWA
itself which was also discussed in literature [30, 29, 31] and could limit the range of applicability
of these models to the real physical systems for arbitrary couplings and time scales. We sum up
our results and make remarks for further discussion in Conclusions.
2 Friedrichs model at finite temperature
The Friedrichs model usually occurs as zero- and one-particle restriction of different models in
which the number of particles is conserved [18, 14]. For quantum optical models it means the
rotating wave approximation (RWA). For zero temperature reservoir it could be used to obtain
exact dynamics of spin-boson and other models [18, 19, 15]. This approach could be generalized
for multi-level systems interacting with multiple reservoirs [14]. For finite temperature not only
zero-particle and one-particle subspaces have to be taken into account, but all other N-particle
subspaces. This is the result of the fact that the initial state is supported on all the N-particle
subspaces if the reservoir is initially in the Gibbs state at finite temperature. But if the temperature
is low (optical case), then it is natural to consider the situation, when only one-particle subspace
is excited. So as the initial condition for the Friedrichs model we take the one-particle restriction
of the density matrix for finite temperature reservoir.
Now let us formulate our model mathematically. We consider the Hilbert space C⊕C⊕L2(R).
Quantum dynamics is described by the Liouville-von Neumann equation
d
dt
ρ(t) = −i[HˆF , ρ(t)], (1)
with Hamiltonian HˆF = 0⊕HF , where HF is the operator in C⊕ L2(R), defined by the formula
HF =
∫
ωk|k〉〈k|dk + Ω|1〉〈1|+
∫
(g∗k|k〉〈1|+ gk|1〉〈k|)dk.
Then take as the initial condition
ρ(0) =
1
Z
(
(1− p)|0〉〈0|+ p|1〉〈1|+ (1− p)
∫
e−βωk |k〉〈k|dk
)
with normalization constant Z = e−
∫
dk ln(1−e−βωk ), β > 0, ωk > 0, p ∈ [0, 1]. This initial condition
is a one- and zero-particle restriction of tensor product of the diagonal state and the thermal state
for the spin-boson model. This leads to the fact that the initial trace of the density matrix could
generally be smaller than 1.
To solve this equation we solve the Schroedinger equation first and then obtain the solution of
Liouville-von Neumann equation (1) by averaging the pure state solution according to the initial
state. Let |ψ1(t)〉 be a solution of the Schroedinger equation
d
dt
|ψ(t)〉 = −iHF |ψ(t)〉 (2)
2
with the initial condition |ψ(0)〉 = |1〉. Analogously, |ψk(t)〉 is the solution of this Schroedinger
equation with the initial condition |ψ(0)〉 = |k〉. Then
ρ(t) =
1
Z
(
(1− p)|0〉〈0|+ p|ψ1(t)〉〈ψ1(t)|+ (1− p)
∫
dke−βωk |ψk(t)〉〈ψk(t)|
)
Thus, the coherences are not excited if they are absent in the initial condition
ρ11(t) =
1
Z
(
p|ψ1,1(t)|
2 + (1− p)
∫
dke−βωk |ψ1,k(t)|
2
)
, (3)
where ψ1,1 = 〈1|ψ1(t)〉, ψ1,k = 〈1|ψk(t)〉.
Lemma 1. Let the integrals
G(t) =
∫
dk|gk|
2e−iωkt, f(t) =
∫
dkgke
−iωktψk(0) (4)
converge for all t ∈ R+ and define the continuous functions G(t) and f(t), then ψ1(t) ≡ 〈1|ψ(t)〉
is the (unique) solution of the equation
d
dt
ψ1(t) = −iΩψ1(t)− if(t)−
∫ t
0
dτG(t− τ)ψ1(τ) (5)
with the initial condition ψ1(0) = 〈1|ψ(0)〉.
Proof. Substituting |ψ(t)〉 = ψ1(t)|1〉+
∫
dkψk(t)|k〉 into (2) one obtains the system{
d
dt
ψ1(t) = −iΩψ1(t)− i
∫
dkgkψk(t)
d
dt
ψk(t) = −iωkψk(t)− ig
∗
kψ1(t)
Solving the second equation as a linear differential equation for ψk(t) considering −ig
∗
kψ1(t) as
non-homogeneous term one has
ψk(t) = e
−iωktψk(0)− i
∫
ds e−iωk(t−s)g∗kψ1(s).
Substituting this equation into the first one of the system we obtain
d
dt
ψ1(t) = −iΩψ1(t)− i
∫
dkgke
−iωktψk(0)−
∫
ds
∫
dk e−iωk(t−s)|gk|
2ψ1(s)
Taking into account definition (4) of the functions G(t) and f(t) we obtain (5). If these functions
are continuous [32, Sec. 2.1], then the Cauchy problem (5) with initial condition ψ1(0) = 1 has
the unique solution.
Let us note that if G(t) is a generalized function, the formal analog of (5) has no immediate
meaning and the additional regularization by the counter-term in the system energy [28] is needed.
Recall that if |G(t)| could be bounded by the function Meαt for some M > 0 and α > 0, then
the function G(t) is said to be of exponential order [32, Sec. 2.3].
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Lemma 2. Let G(t) be of exponential order and x(t) be the solution of the equation
d
dt
x(t) = −iΩx(t) −
∫ t
0
dτG(t− τ)x(τ) (6)
with the initial condition x(0) = 1. Then
ψ1,0(t) = x(t), ψ1,k(t) = −i
∫ t
0
x(t− s)gke
−iωksds. (7)
Proof. By Th. 2.3.1 from [32, Sec. 2.3] the solution of equation (5) could be represented in terms
of Eq. (6) as
ψ1(t) = x(t)ψ1(0)− i
∫ t
0
x(t− s)f(s)ds
if G(t) and f(t) are of exponential order. Taking f(t) = 0 and f(t) = gke
−iωkt which are of
exponential order one obtains (7).
Theorem 1. Let G(t) defined by (4) be continuous function of exponential order and
G1β(t) ≡
∫
dk|gk|
2e−iωkte−βωk
converges and define the continuous function, then the population of the exited state defined by (3)
takes the form
ρ11(t) =
1
Z
(
p|x(t)|2 + 2(1− p) Re
∫ t
0
dτ
∫ τ
0
ds G1β(τ − s)x
∗(s)x(τ)
)
. (8)
Proof. By substituting (7) into (3) we obtain
ρ11(t) =
1
Z
(
p|x(t)|2 + (1− p)
∫
dke−βωk
∫ t
0
x(t− τ)gke
−iωkτdτ
∫ t
0
dsx∗(t− s)g∗ke
−iωk(−s)ds
)
=
1
Z
(
p|x(t)|2 + (1− p)
∫ t
0
dτ
∫ t
0
dsx(t− τ)G(τ − s)x∗(t− s)ds
)
Taking into account G1β(−t) = (G
1
β(t))
∗ we obtain (8).
It is natural to call G1β(t) the restricted thermal reservoir correlation function. Let us also
note that G1β(t) could be considered as analytic continuation G(t − iβ), β > 0 of G(t) to lower
half-plane.
In physics usually the spectral density J (ω) [34, Subec. 3.6.2.1], [18] is defined by
G(t) =
∫ +∞
0
dω
2π
e−iωtJ (ω).
Let us stress that in contrast to [18] and [14] the lower limit of integral here is 0 rather than −∞.
This is because the positivity of function ωk is important here due to the fact that we need a
4
Figure 1: Dependence of population ρ11 on time t (The abscissa axis represents γt.) for different
coupling strength. Solid line for g/γ = 0.5, dashed line for g/γ = 1 and dotted line for g/γ = 4.
thermal state to be normalizable, which is usually neglected for zero-temperature RWA systems.
Note that we do not use odd continuation of the spectral density which is widespread [35, 36].
Let us consider the resonance case
J (ω) =
γg2(
γ
2
)2
+ (ω − Ω)2
, g > 0, γ > 0,
i.e. the Lorentz spectral density centered at frequency Ω of system free evolution. It is usually
assumed that Ω is high so one could integrate from −∞ to obtain G(t), which to leads to exponen-
tial form of G(t) and possibility to solve (6) analytically. But now we need also G1β(t) to converge
and the solution could not be represented analytically (in elementary functions) in this case, so
we have implemented the solution of (6) and formula (8) numerically. The result for Ω/γ = 5,
p = 0.3, βγ = 0.5, ωk = 100|k| (it is needed only to calculate Z) and several values of the coupling
constant, which is presented in Fig. 1.
As expected for the finite temperature the population does not tend to zero, but has a finite
limit at long times. It is interesting that for strong coupling this limit depends not only on the
reservoir temperature, but also on the coupling constant. As for zero-temperature [34, Sec. 10.1]
at weak coupling the tendency to the stationary state is monotonic and at strong coupling it
becomes oscillatory.
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3 RWA oscillator at finite temperature
Due to the fact that an oscillator in the bosonic bath is exactly solvable without RWA (it is the
famous Caldeira-Leggett model), the RWA oscillator is not so widely discussed as RWA spin-boson,
but there are it is also discussed in literature [37].
Now let us introduce mathematical description of the model. We consider the Hilbert space
ℓ2⊗L2(R). One could define creation and annihilation operators in this space satisfying canonical
commutation realations: [a, a†] = 1, [bk, b
†
k′] = δ(k − k
′), [bk, bk′] = 0, [a, bk] = 0 and [a, b
†
k] = 0.
The Hamiltonian of RWA oscillator
Hˆ = Ωa†a+
∫
ωkb
†
kbkdk +
∫
(g∗kab
†
k + gka
†bk)dk.
Lemma 3. The operator a(t) = eiHˆtae−iHˆt, i.e. the Heisenberg evolution of operator a, satisfies
the equation
d
dt
a(t) = −iΩa(t) − ib(t)−
∫ t
0
G(t− s)a(s)ds, (9)
where
b(t) ≡
∫
e−iωktgkbk(0)dk.
Proof. Evaluating the commutators [Hˆ, a] and [Hˆ, bk] we obtain the Heisenberg equations{
d
dt
a(t) = −iΩa(t) − i
∫
gkbk(t)dk,
d
dt
bk(t) = −iωkbk(t)− ig
∗
ka(t).
The end of the proof is analogous to that of lemma 1 except for the fact that we do not discuss
the existence and uniqueness of the solution.
Lemma 4. Let the reservoir be initially in the thermal state ρβ at inverse temperature β, i.e. in
the Gaussian state defined by the following moments
〈bk(0)〉 = 0, 〈bk(0)bk′(0)〉 = 0, 〈b
†
k(0)bk′(0)〉 =
1
eβωk − 1
δ(k − k′), (10)
where 〈·〉 is the averaging with respect to ρβ,then
〈b†(t)b(s)〉 =
{
G∞β (t− s), t > s,
(G∞β (s− t))
∗, s > t,
where
G∞β (t) =
∫
dk|gk|
2e−iωkt
1
eβωk − 1
. (11)
Lemma 5. Let G(t), G∞β (t) be of exponential order and x(t) be a solution of integro-differential
equation (6) with the initial equation x(0) = 1, then the solution of Eq. (9) has the form
a(t) = x(t)a(0)− i
∫ t
0
x(t− τ)b(τ)dτ, (12)
which we understand in the sense of averaging over the state ρa ⊗ ρβ, where ρa is an arbitrary
density matrix in ℓ2 and ρβ is defined by (10).
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Proof. The proof of this lemma is analogous to the one of lemma 2, but now we need to specify in
what sense the operator-valued function b(t) is of exponential order. For our purposes it is enough
to specify that b(t) is of exponential order if arbitrary finite order moments are of exponential
order. Then (12) should also be understood in the sense of averaging over the state ρa⊗ ρβ as the
quantum stochastic equations raised in the stochastic limit are usually understood [38].
We call G∞β (t) the thermal reservoir correlation function. Let us note, that it could be repre-
sented as
G∞β (t) =
∞∑
n=1
G1nβ(t) =
∞∑
n=1
G(t− inβ)
in the case, when this series converges. This representation shows that the restricted thermal
correlation function is the first term in this series.
Theorem 2. The first and second moments of the oscillator creation and annihilation operators
evolving by Heisenberg equations specified in lemma 3 with respect to the state ρa ⊗ ρβ, where ρa
is an arbitrary density matrix in ℓ2 and ρβ is defined by (10), could be calculated by the following
formula
〈a(t)〉 = x(t)〈a(0)〉 (13)
〈a†(t)a(t)〉 = |x(t)|2〈a†(0)a(0)〉+ 2Re
∫ t
0
∫ τ
0
x∗(s)x(τ)G∞β (τ − s)dsdτ (14)
〈(a(t))2〉 = (x(t))2〈(a(0))2〉 (15)
where 〈·〉 is the averaging with respect to ρa⊗ ρβ, x(t) is defined by (6), where G(t) defined by (4)
is continuous and of exponential order, G∞β (t) defined by (11) is continuous.
Proof. Let us calculate 〈a†(t)a(t)〉 by averaging
〈a†(t)a(t)〉 = |x(t)|2〈a†(0)a(0)〉+
∫ t
0
∫ t
0
x∗(t− τ)x(t− s)〈b†(τ)b(s)〉dτds
Let us transform the second summand in the following way∫ t
0
∫ τ
0
x∗(t− τ)x(t− s)〈b†(τ)b(s)〉dτds+
∫ t
0
∫ t
τ
x∗(t− τ)x(t− s)〈b†(τ)b(s)〉dτds =
= 2Re
∫ t
0
∫ τ
0
x∗(t− τ)x(t− s)G∞β (τ − s)dτds = 2Re
∫ t
0
∫ τ
0
x∗(s)x(τ)G∞β (τ − s)dsdτ
Thus, we have obtained (14). Formula (15) could be obtained analogously. Formula (13) is the
direct result of averaging of (12).
On the other hand, one could restrict RWA oscillator to zero- and one-particle subspaces and
the average 〈a†(t)a(t)〉 will be defined by formula (8) in this case, i.e. only G∞β (t) is changed to
1
Z
(1 − p)G1β(t) but both solutions are expressed in terms of zero-temperature ones in the similar
way. Hence, we hypothesize that this integral relation between zero-particle solution of RWA
models and finite-temperature could be obtained in a more general case with appropriate choice
of the analog of the thermal correlation function.
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4 Conclusions
We have discussed two models which describe the finite temperature dynamics of RWA systems.
These models are exactly solvable in the same sense as their finite temperature analogs are, i.e.
their solution expressed in terms of finite dimensional (actually, scalar) integro-differential equa-
tions. Moreover, these integro-differential equations are the same as the ones at zero temperature,
but we need additionally integrate them with thermal correlation functions. The Friedrichs model
at finite temperature could be easily generalized to the multilevel system interacting with several
reservoirs as it was done in [14] for zero-temperature. For both systems the case of Ohmic spectral
density could be also described by the methods similar to [33]. But the main direction for further
development is the generalization of these results for wider classes of RWA models. Also the pos-
sibility of dilation to the Gorini–Kossakowski–Sudarshan–Lindblad equation with a finite number
of degrees of freedom for certain spectral densities is interesting due to the modern discussion of
the pseudomode approach [25, 26].
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